
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 24, No. 1, January–February 2001
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A three-axes skid-to-turn missile autopilot design is presented. The modeling is that of a missile developed by
AerospatialeMatra Missiles. Various control laws have been compared in order to estimate their potential and their
applicability:classical linear time-invariant control and static and dynamic approximate input-output linearizing
feedbacks. The robustness is studied, and the best results, in terms of stability, performance, and robustness, are
shown to be obtained by using a special type of nonlinear dynamic control. The simulation results are explained
using a table of comparison.

I. Introduction

C LASSICALLY, missile autopilots are designed using linear
control approaches. Autopilot design has been studied in fre-

quency domain1 and/or by applying linear quadratic regulators.2 In
both cases, the plant is linearized around � xed operating points.
Such methods lead to design linear time invariant (LTI) controllers
for the LTI systems thus obtained. Operating points are, in general,
de� ned by the triplet Mach number, altitude, and weight, which are
considered as slowly varying parameters. Interpolation techniques
may then be used to connect local regions around these operating
points.

The main dif� culties in missile autopilot design are known to
result from the aerodynamic parameter uncertainties. Because the
knowledge of the aerodynamic coef� cients as well as their depen-
dencies on some parameters3 (e.g., angle of attack, side-slip angle,
etc.) is very imprecise, the designed controllermust not be sensitive
to the variationsof these coef� cients. However, in spite of the wide
literature on this subject, some problems still remain, for exam-
ple, the degradation of the stability and performance for low Mach
number and/or for high altitude due to low dynamic pressure.

In the last decade, the design of missile autopilot has been ex-
tensively studied using modern gain scheduling techniques4 ¡ 8 and
robust control.9,10 These methods are also based on local lineariza-
tion.

Aerodynamic considerations dictated by new concepts, such as
high maneuverability and stealthness, explicitly take into account
the plant nonlinearitieswhen designing a controllermore and more
necessary. Hence, linearizing techniques have become of great im-
portance. In this context, nonlinear controllers based on the input-
output feedback linearization of the missile dynamics have been
developed11 ¡ 16 with eventually an outer loop in order to be robust
with regards to uncertainties.17,18 These techniques have also been
studied for aircraft � ight control.19 ¡ 21

In the authors’ previous works,22 ¡ 24 various nonlinear control
laws have been elaborated,based on a missile model taken from the
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paper by Reichert.25 This model is, however, a single-axisone, and
the actuator is described by a � rst order differential equation.

This paper is a considerationof a three-axes model of a skid-to-
turn missile developedby AerospatialeMatra Missiles. Sensors and
complete actuators modeling are also taken into account.

The paper is organized as follows. Section II describes the model
of the missile. Since one of the objectives is to estimate the poten-
tial of nonlinear methods and their applicability level and in order
to establish comparisonsas well, we have � rst addressed a classical
controller proportional integral in Sec. III. Section IV is devoted to
thedesignofvariouslinearizingcontrollaws (approximatestaticand
dynamic feedbacks). Section V describes a comparison performed
between these various control strategies. The simulation results,
which are obtained by using an industrial � ight simulator corre-
sponding to the real-world missile, are presented. The advantages
and the drawbacksof each strategyare summarized in a comparison
table. The paper ends with a conclusion.

II. Formulation of the Missile Problem
The aim of the problem is to force a missile to track a desired

accelerationpatterngeneratedby an outer loop,namely the guidance
loop, and to stabilize the missile airframe at a given bank angle.The
schemeis describedin Fig. 1, where theword “missile”standsfor the
system composed of a skid-to-turn missile as well as the actuators,
sensors, and various time delays.

The purposes of the autopilot are the following:
1) Compare the reference accelerations (for the center of mass)

and roll angle to the actual measured normal accelerations and the
bank angle, respectively, in order to estimate the corresponding
tracking errors.

2) Generate the tail de� ections that produce the angle of attack
as well as the side-slipangle correspondingto a required maneuver,
and ensure the tracking of the bank angle.

The missile model considered hereafter is a three-axes, highly
nonlinear model of a skid-to-turn cruciform missile. For obvious
reasons, the units used in the sequel have been normalized.

The tail-controlled missile is depicted in Figs. 2a and 2b, from
which results the seven-dimensionalstate-space model
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Fig. 1 Guidance–navigation–control loop.

a) Azimuth, pitch, and bank angles

b) Angle of attack and side-slip angle

Fig. 2 Notations.
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In these expressions, a is the angle of attack; b is the side-slip
angle; h and u are the pitch and bank angles, respectively;and, p, q,
and r are the roll, pitch, and yaw rotational rates, respectively.The
constant parameters are the missile speed V ; the missile mass m;
and the mass moments of inertia Ix , Iy , and Iz about the x , y, and z
axes, respectively. For the application under consideration, Iy = Iz

(due to the fact that the missile body is cruciform).
The system outputs are
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where } , C y , and C z denotethe roll angleand the lateralaccelerations
about y and z axes, respectively.The roll angle is estimated by the
navigation algorithm.

Moreover, we have

Fx = Fxa ¡ mg sin(h ), Fy = Fya + mg cos(h ) sin( } )

Fz = Fza + mg cos(h ) cos( } ) (3)

where g denotes the acceleration of gravity.
The aerodynamic forces Fxa, Fya , and Fza are the components of

the force vector
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Likewise, La , Ma , and Na are the componentsof the moment vector
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The vectors Fa and Ma are the aerodynamic forces and moments
about the x , y, and z axes, which depend on the previously men-
tioned state variablesas well as on the equivalent tail-� n de� ections
n , g , and f . The nonlinear aerodynamic coef� cients used to deter-
mine these aerodynamicforces and moments are derived from wind
tunnel measurements and are available through look-up tables, with
associated multiplicative uncertainties. Therefore, their gradients
with respect to the state variables are poorly known. Indeed, the
look-up tables may be used to determine the analytical functions of
a , b , M , n , g , f , etc., that are closest to the numerical values of
the measured points3 according to an appropriate criterion. Such a
methodology would, for instance, lead to

La = f1( a T ) sin(4 u a ) + f2( a T , n , g , f ) (6)

for a given altitude and Mach number. The function f1( a T ) is a
polynomial function of its argument, and a T and u a are the angles
de� ned in Fig. 2b. But Eq. (6) must not hide the fact that the original
sequence of measured points does not contain any information on
the gradients of the aerodynamic functions.

The missile under considerationhas unstablezero dynamics.This
instability is caused mainly by the fact that the aerodynamic forces
Fya and Fza depend on the system input, namely, the tail � n de� ec-
tions, in such a way that a tail � n de� ection � rst generates a small
force on the � n opposed to the desired acceleration.23

The modeling of the actuators is the same on each axis: it con-
sists of second-order transfer functions with saturations on posi-
tions, speeds, and accelerations. In addition, sensors are modeled
by appropriate transfer functions.The bandwith is suf� ciently high
to justify the fact that the sensors are not taken into account in the
next controller designs. Time delays are added in order to take into
account sampling and calculation delays.

III. Classical Controller Design
A linearcontrollaw is � rstdesignedfor themissile,usingclassical

aeronautical control rules,1 based on Jacobian linearizedmodels of
each decoupledchannel, and the resulting controller is validated on
the whole nonlinear system. Consider the pitch channel shown in
Fig. 3.

The airframe dynamics are second-order differential equations.
The “high-order dynamics” block, which represents the actuators,
sensors, and time delays, is representedby second-orderequivalent
dynamics, namely,

He(s) = x 2
e
|

¡
s2 + 2n e x es + x 2

e

¢
(7)

where n = 0.7 is thedampingratio and x e is theequivalentfrequency
for which the phase variation generated by the high frequency
dynamics is ¡ 90 deg.

Designing a classical controller for this single-axis model is
equivalent to looking for four gains l0 , l1, l2, and l3. This, in turn, is
equivalent to selectinggain margins for the loop opened at the actu-
ator input point, and certain dynamics to the third-order equivalent
closed-loop system, under some constraints, among which is the
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Fig. 3 Pitch channel.

Fig. 4 Roll channel.

Fig. 5 Two-time scale separation.

bandwidth of the equivalent actuator.1,2 The third-order dynamics
arede� nedby the time constant s , a dampingratio n , and a frequency
x (the latter is deduced from the three former parameters).

As a matter of fact, the procedure is nearly the same for the roll
channel, except that the open loop involvesan integrator; therefore,
the gain k0 is useless (Fig. 4).

IV. Nonlinear Control Laws
Three nonlinear control laws are proposed in the sequel. The

� rst one is a static linearizing control law with two-time scale sep-
aration, whereas both the second and the third ones are dynamic
linearizingcontrol laws. The � rst control law correspondsto a basic
applicationof linearizing techniques26 combined with approximate
linearizationand time-scaleseparation.The two others rely on these
techniques as well as on classical aeronautical knowledge because
the methodology developed in the previous section is extended by
� xing a given classical structure to the nonlinear controllers.

A. Static-State Feedback
The straightforwardapplicationof linearizingmethodologyleads

to an unstable and unobservablemanifold because, as already men-
tioned, the zero dynamics of the system are unstable. Hence it is
necessary to use approximatefeedback theory27 in order to circum-
vent this dif� culty.12,22,23 Using approximate feedback theory leads
to designinga linearizingcontrollaw on a modi� ed modelof the sys-
tem, that is, on a model where the components of the aerodynamic
forces do not depend on the tail-� n de� ections.

Harcaut12 showed that this design involves second derivativesof
the aerodynamiccoef� cients with respect to the state variables. Be-

cause the aerodynamiccoef� cient functionshave largeuncertainties
and are known through look-up tables only, the second-ordergradi-
ents of these functions are unrealistic and should not be used. One
attempt to overcome this dif� culty proposed to use singular per-
turbations theory in order to separate the model into two different
typesof dynamics.11 In this case, thecontrollaw is designedon some
“fast” variables assuming that “slow” variables are nearly constant
and are the commands of the fast subsystem,as illustrated in Fig. 5.
As a matter of fact, the same argument is used to simply eliminate
the equivalenthigh dynamics from the design model. It appears that
including actuators with uncertain parameters in the linearization
scheme may lead to adding high-pass dynamics (the inverse dy-
namics of the actuator) to the control law, which addition may not
be satisfactory, especially with regard to noise considerations.

As a resultof both pointsmentionedabove,a two-time scale static
linearizing control law was designed on an approximate model of
the missile. Since the slow subsystem consisted of four ordinary
� rst-order differential equations with relative degree {1, 1, 1} (see
Ref. 26 for the classical de� nition hereafter recalled), and the fast
oneconsistedof threeordinary� rst-orderdifferentialequationswith
relative degree {1, 1, 1}, the unobservablemanifold is limited to the
one described by the state variable h (Ref. 12). Recall that the rela-
tive degree is a positive integer and, roughly speaking, is de� ned as
the minimum number of times the output signal has to be differenti-
ated for the control law to explicitly appear in the output derivative
expression.

The resulting control law appears to have six degreesof freedom,
corresponding to the six � rst-order time constants of each channel
for both the slow (T1 , T2, T3 ) and the fast (s 1, s 2 , s 3 ) subsystems.
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Tuning these time constants is not an easy task, but it can be done
throughconsiderationssimilar to those employed in the linear case:

1) The actuatordynamicsmust be signi� cantly faster than the fast
subsystem. By using the small gain theorem,28 this condition can
be expressed in terms of frequencymagnitude conditions involving
the transfer functionof the neglectedhigh dynamicsand the transfer
function of the “ideal” closed loop system.29,30

2) The fast subsystem must be signi� cantly faster than the slow
subsystem.

Finally, the time constants of the closed-loopsubsystems are ap-
proximately equivalent to those of both loops in Sec. I. This equiv-
alancy is logical because their choice is based on similar consider-
ations.

Hence, the resulting control law is

u =

0

@
n ref

g ref

f ref
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0

@
} ref

C yref

C zref

1
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where n ref, g ref, and f ref denote the input of the actuator; } ref, C yref ,
and C zref are the reference inputs; and FF and G F denote the fast
subsystem controller, and are related to the slow subsystem con-
troller

G F = g ¡ 1
F G S diag(1/ s 1 , 1/ s 2, 1/ s 3) (9)

FF = g ¡ 1
F

£
¡ fF + G S diag(1/ s 1 , 1/ s 2, 1/ s 3)G ¡ 1

S (uS ¡ FS )
¤

(10)

In Eq. (10),

uS = ( p q r)T (11)

is the output of the fast subsystem as well as the command input of
the slowsubsystem.Likewise, FS and G S denote the slowsubsystem
controllerobtainedby a classical linearizingprocedurethat � xes the
resulting dynamics to three � rst-order time constants T1 , T2 , and T3.
This procedure can be brie� y summed up.

By denoting X S = ( a , b , } , h )T the slow state variables, substi-
tuting the notations in Fig. 5 yields

ÇX S = fS(X S ) + gS (XS )uS (12)

Straightforward calculations show that the time derivatives of the
output can be related to uS as follows:

ÇY =
@Y

@X S
[ fS (X S ) + gS (XS )uS ] (13)

Equation (13) yields the so-called decoupling matrix of the slow
subsystem:

D S =
@Y

@X S
gS (X S) (14)

which, for the application considered, is a full-rank matrix. Hence,
it can easily be veri� ed that
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� xes the dynamics of the closed-loop slow subsystem as desired.

Fig. 6 Guaranteed margins.

B. Dynamic-State Feedback
The previous control law is the most straightforward linearizing

control law that can be applied to the missile (if no other assumption
is made on the aerodynamic coef� cients’ gradients with respect to
the state variables). As a drawback, that law turns out to be not so
ef� cient because no effort was made to make it robust with respect
to uncertainties. In order to make that control law robust, many
improvements have been proposed, among which an extra outer
loop, either linear22 or nonlinear,10 is the most frequentlysuggested.
Nevertheless, one has to bear in mind that there is no theoretical
guaranteeon the marginsor on the robustnessof the originalsystem,
whatevermay be the margin and robustnessguaranteedby the outer-
loop controller on the inner loop, as illustrated in Fig. 6.

In order to enhance the performance and robustnessof the previ-
ous controllerby using classicalconceptson the feedbacklineariza-
tion context,dynamic feedback linearizationhas been applied to the
missile.

1. Dynamic Linearizing Autopilot, First Approach
The � rst approach of the dynamic feedback presented here is the

direct extension of the linear classical design (presented in Sec. III)
to the static nonlinearcontrol law (presented in Sec. IV.A). The idea
is to keep the two-time scale structure, which is a common point
between both these methods, and to � x second-order dynamics to
the closed inner loop, that is, on the three fast state variables p, q,
and r . This dynamiccontrollaw providesan extra degreeof freedom
on each channel, in which the degree of freedomis used to introduce
an integral action on the fast variables.

Recall (Fig. 5) that, by denoting

X F = ( p, q , r)T (16)

X S = ( a , b , } , h )T (17)

one has for the fast subsystem

ÇX F = fF + gF u (18)

A dynamic state feedback can be deduced from Eq. (18)

u = ¡ g ¡ 1
F

³
fF + 2n x X F + x 2

Z
(X F ¡ Xref) dt

´
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where X ref comes from the relationship imposed by the slow loop
linearizing control, n is the damping ratio, and x is the natural
frequency of the closed-loop fast-subsystem-desiredsecond-order
dynamics. The control is indeed implemented throughan integrator
and is adapted to use measurements rather than model knowledge.
Finally, Eq. (19) yields
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where G ¤
S is derived from the de� nition of the linearizingcontroller
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that transforms the slow subsystem into pure integrators.

2. Dynamic Linearizing Autopilot, Second Approach
An alternateversionof the previouscontrol law correspondswith

an alternateversionof the classicallinearcontrollaw. In this scheme,
the inner loop consists of a single gain, and the outer loop consists
of a proportional integral law. On the one hand, the main advantage
of this solution is that there is no steady-stateerror between the out-
put and its reference signal. On the other hand, the main drawback
is that an aerodynamic autopilot should � rst control the rotational
rates in order to be ef� cient rather than to control by force. Control-
ling the rotational rates is all the more useful as the unstable zeros
become more important (for instance, at low Mach number or high
altitude).

Suppose again that the same dynamics are � xed on each channel
(characterized by a � rst-order constant s for each channel of the
fast subsystem, a damping ratio n , and a natural frequency x for
the slow subsystem). A dynamic control law is � rst designedon the
slow subsystem, according to the asymptotic output tracking prob-
lem methodology,24,26 in order to � x the second-orderdynamics of
the closed-loop subsystem, even if a static-state feedback would be
enough. A static-state feedback is thus designed on the fast subsys-
tem, according to Sec. IV.A.

Finally, it yields
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where, once again, G ¤
S and F ¤
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linearizing controller
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that transforms the slow subsystem into a chain of two pure inte-
grators on each channel. In Eq. (23), the reference inputs are the
tracking errors

e } ref = } ¡ } ref, e yref = C y ¡ C yref , e zref = C z ¡ C zref (24)

V. Simulation Results
A. Necessity of an Observer

One shouldnotice that the angleof attack a and the side-slipangle
b are not available throughmeasurements.An observer is then nec-
essary. Devaud et al.23 have shown that a simple quadratic observer
can be designed straightforwardly for the single-axis case. Under
some simplifying assumptions, an ef� cient quadratic observer may
be obtained using a similar procedure.

Suppose that the state-space model equation is expressed in the
following simpli� ed way:

Ça = Fz /mV ¡ b p + q ¡ ( a / V ) C x

Çb = Fy / mV + a p ¡ r ¡ ( b / V ) C x (25)

and suppose also that Fy depends on b only and Fz depends on a
only.

Remark: The terms a C x and b C x may be considered as higher-
order terms with respect to a and b when the speed V is constant
with respect to time, and, therefore, be neglected.

Hence the following observer±
Çˆa
Çˆb

!
=

±
Fz( ˆa ) / mV ¡ ˆb p + q ¡ ( ˆa / V ) C x

Fy ( ˆb ) / mV + ˆa p ¡ r ¡ ( ˆb / V ) C x

!

+ K

³
C z( ˆa ) ¡ C z( a )

C y ( ˆb ) ¡ C y ( b )

´
(26)

is shown to be an ef� cient quadratic observer, even for a diagonal
K matrix

K = diag(k1, k2) (27)

By setting

d a = ˆa ¡ a , d b = ˆb ¡ b (28)

V ( d a , d b ) = d a 2 + d b 2 (29)

one obtains

ÇV ( d a , d b ) = 2( ˆa ¡ a )[C z( ˆa ) ¡ C z( a )](1/ V + k1)

¡ ( ˆa ¡ a )2( C x / V ) + 2( ˆb ¡ b )[ C y ( ˆb ) ¡ C y ( b )](1/ V + k2)

¡ ( ˆb ¡ b )2( C x / V ) (30)

Throughanappropriatechoiceof parametersk1 andk2 , V ( d a , d b )
is a quadratic Lyapunov function because C z( ˆa ) and C y( ˆb ) are de-
creasing functions of their arguments.

B. Normalized Step Responses for Various Accelerations
on the z-axis (No Uncertainty)

The � rst result presentedhereafter is a set of responsesfor various
z-axis acceleration references while the y-axis reference is main-
tained equal to zero value, and the bank-angle reference is main-
tained equal to its nominal value. This reference con� guration is
considered to be a dif� cult one because it may induce roll diver-
gence for high values of the angle of attack.

Figures 7a and 7b correspond to the linear classical controller.
Note that whereas normalized z-axis acceleration seems satisfac-
tory, the bank angle starts diverging for large values of the z-axis
accelerationreference.This bank angle is the well-known “induced
bank-angle,”due to unbalancedactions by means of the acting mo-
ments on the missile according to Eq. (6). Note also that the over-
shoot magnitude depends on the acceleration reference.

For each of the linearizing control laws determined in Sec. IV,
the induced bank angle phenomenon does not appear. Simulation
results are quite similar for both static and � rst approach of the
dynamiclinearizingcontrollerwhennoperturbationanduncertainty
are added. For the sake of brevity, static-state feedback results are
given here only (Figs. 8a and 8b).

The second approach of the dynamic linearizing control results
in a dif� cult tradeoff between the settling time and the overshoot,
as shown in Figs. 9a and 9b, due to the presence of a static-state
controller in the inner loop that leads, in this case, to these less
satisfactory responses.

C. Responses for a Given Acceleration Pattern for the
Uncertain System

Section V.B shows that the � rst objective of the linearizing con-
troller is reached: The input-output relationship is almost linear,
the induced-roll angle does not appear anymore, and there is no
variation in the overshoot. However, the robustness with respect to
uncertaintiesneeds to be studied. To this end, various aerodynamic
uncertaintieshavebeen considered.Each aerodynamiccoef� cient is



DEVAUD, HARCAUT, AND SIGUERDIDJANE 69

a) Normalized z-axis acceleration b) Bank angle

Fig. 7 Classical controller with various z-axis reference magnitudes.

a) Normalized z-axis acceleration b) Bank angle

Fig. 8 Static linearizing controller with various z-axis reference magnitudes.

a) Normalized z-axis acceleration b) Bank angle

Fig. 9 Dynamic linearizing controller (case 2) with various z-axis reference magnitudes.

characterizedby some random uncertainties described by a type of
distributionlaw. This law may be a normal distributionfunctionor a
uniform one. Each distributionfunction is characterizedby speci� c
parameters (mean, variance, etc.) that come from measurements.

Simulations have been performed by introducing randomly gen-
erated perturbation terms on each aerodynamic coef� cient simul-
taneously. These results, together with the nominal (unperturbed)
ones, are presented in Figs. 10a and 10b for the nonlinear dynamic
controller (case 1). They are quite satisfactory, in comparison, for
instance, with those obtained by using the static nonlinear control
law (Figs. 11a and 11b). In the latter case, the steady-stateerrormay
become quite large, together with the settling time.

D. Brief Qualitative Controller Comparison:
from Linear to Nonlinear

Table 1, composed of four columns, summarizes the studied ap-
proaches. Various aspects are reported for each control law:

1) The second column, concerning the complexity, displays the
existence of algorithms for the implementation and choice of the
control law parameters.

2) The next column concerns the degrees of freedom, that is, the
number of such parameters.

3) The last column sums up simulation results: stability and per-
formance of the nominal closed-loop system, as well as robustness
with respect to aerodynamical uncertainties.
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Table 1 Comparison of six control strategies

Control strategy Complexity Degrees of freedom Simulation results

Linear controller (Fig. 7) Classical linear knowledge 3/channel Induced bank angle for high angle of attack
(integral action)

Robustness with respect to uncertainties
Classical linearizing feedback Linearization methodology 2/channel Unobservable: unstable manifold of

dimension 5
Discarded

Approximate feedback, no time Linearization methodology 2/channel Unrealistic
scale separation, and static feedback Discarded

Approximate feedback, two-time Classical knowledge + 2/channel No induced bank angle
scale separation, and static feedback linearization methodology No robustness with respect to uncertainties
(Figs. 8 and 11)

Approximate feedback, two-time Classical know-how + 3/channel No induced bank angle
scale separation, and dynamic linearization methodology (integral action) Robustness with respect to uncertainties
feedback 1 (Fig. 10)

Approximate feedback, two-time Classical knowledge, 3/channel No induced bank angle
scale separation, and dynamic linearization methodology (integral action) Robustness with respect to uncertainties
feedback 2 (Fig. 9) Dif� cult tradeoff overshoot settling time

a) z-axis acceleration b) Bank angle

Fig. 10 Dynamic linearizing controller (case 1) with uncertain aerodynamic coef� cients.

a) z-axis acceleration b) Bank angle

Fig. 11 Static linearizing controller with uncertain aerodynamic coef� cients.

VI. Conclusion
In thispaper, variousmethodshavebeenpresentedfor controlling

a three-axeshighly maneuverable missile. Our choice has been ori-
ented by the industrial context. The necessity of increasing missile
performances and � ight range has motivated new investigations in
order to estimate not only the potential of recent theoretical control
methods, but also their application level, in order to meet the indus-
trial demands. These investigations have led us to design various
control laws, from linear to nonlinearand from static to dynamic, in
order to establish comparisons according to various criteria, among
which are stability and performanceon the one hand, and complex-
ity and degreesof freedomon the other.This comparisonshows that

the best tradeoff between the required criteria is the linearizingcon-
trol law that reproduces the linear scheme, namely, a two-cascaded
structure with an integral action in the inner loop, with some im-
provements due to its nonlinear character.
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